Introduction.
For an integer n > 1 let f (n) denote the smallest integer f such that one can color the integers {1, . . . , n − 1} by f colors so that there is no monochromatic subset the sum of whose elements is n. Paul Erdős [2] asked if for every positive ε, f (n) > n 1/3−ε for all n > n 0 (ε). In this note we prove that this is indeed the case, in the following more precise form. (log log n)
1/3 log 1/3 n for all n > 1.
We suspect that the upper bound is closer to the actual value of f (n) than the lower bound but this remains open. The (simple) proof of the upper bound is described in Section 2. The lower bound is established in Section 3.
To simplify the presentation, we omit all floor and ceiling signs, whenever these are not essential. We make no attempt to optimize the absolute constants throughout the paper. For a set of integers A, let A * denote the set of all sums of subsets of A.
The upper bound.
Given n, we prove that
(log log n)
by exhibiting an explicit family of subsets of N = {1, . . . , n−1} whose union covers N , so that n ∈ A * for each subset A in the family. Define
k , since the sum of any set of at most k members [269] of A k is less than n whereas the sum of any set of at least k + 1 members of A k exceeds n. For each prime p ≤ s that does not divide n define B p = {i ∈ N : p | i}. Since all members of B * p are divisible by p it follows that n ∈ B * p . It is well known (see, e.g., [4] ) that Brun's sieve method gives that for any set P of primes which are all at most m, the number of integers between 1 and m which are not divisible by any member of P does not exceed O(m p∈P (1 − 1/p)). It follows that there is an absolute constant c so that the number, call it S, of integers in N not covered by the union of all sets A k and B p above satisfies
.
(Note that all these integers are smaller than n/s.) However, it is easy to check that p|n, p≤s
showing that
We can now split the set of these remaining integers arbitrarily into S/s sets C j of size at most s each. Since each member of C j is at most n/s, n ∈ C * j for any C j . The sets A k , B p and C j together cover N , and their total number is at most
completing the proof of the upper bound in Theorem 1.1.
The lower bound.
The proof of the lower bound is based on the following result of Sárközy [5] (see also [3] and [1] for similar results). We also need the following simple lemma. . Clearly we may assume that n is sufficiently large, by an appropriate choice of c 1 . Given a large n, and a coloring of {1, . . . , n−1} by f = f (n) colors without a monochromatic subset whose sum is n, there is, by the prime number theorem, a monochromatic set containing at least 
